Let C 2 be the standard symplectic vector space and L(a, b) ⊂ C 2 be the product Lagrangian torus, that is, a product of two circles of area a and b in C. We give a complete answer to the question of knowing the minimal ball into which these Lagrangians may be squeezed. The result is that there is full rigidity when b ≤ 2a, which disappears almost completely when b > 2a.
Introduction.
In this paper we investigate the extent to which product Lagrangian tori can be 'squeezed' by Hamiltonian diffeomorphisms. To be precise, we determine when such a torus can be mapped into a ball or a polydisk. To fix notation, we work in the vector space R 4 ≈ C 2 equipped with its standard symplectic form ω = The open ball of capacity R is given by B(R) = {π(|z 1 | 2 + |z 2 | 2 ) < R}, and our polydisks are defined by
Hence L(a, b) is the singular part of the boundary of P (a, b). Up to renormalizing the symplectic form, it is enough to study the special case of squeezing Lagrangian tori L(1, x), x ≥ 1. The current paper contains the first results about non-monotone tori, but the monotone case is already known: L(1, 1) (or any torus with monotonicity constant 2) cannot be squeezed into a ball of size 2, see [4] . Our main result is the following: In other terms, the Lagrangian torus L (1, x) , that belongs to the boundary of the ball B(1 + x), cannot be squeezed into a smaller ball when x ≤ 2, while it can be squeezed into a ball of size 3 + ε if and only if ε > 0 when x ≥ 2. Our result when x ≥ 2 holds in fact in a slightly more general setting that we review now. For a Lagrangian L ⊂ C 2 , there are two homomorphisms Ω, µ : H 1 (L, Z) → R describing how L is embedded in C 2 . The first homomorphism is the area class and is defined by Ω(e) Theorem 2. Suppose L ⊂ B(R) is a Lagrangian torus and e 1 , e 2 is an integral basis of H 1 (L, Z) satisfying 1 . Ω(e 1 ) = 1, Ω(e 2 ) ≥ 2, 2. µ(e 1 ) = µ(e 2 ) = 2.
Then R > 3.
Up to our knowledge, although any non-monotone Lagrangian torus in C 2 may be conjectured to be Hamiltonian isotopic to a product one, there is no proof available at this time. In [6] , Dimitroglou Rizell-Goodman-Ivrii prove a weaker unknottedness result, namely that any two Lagrangian tori are Lagrangian isotopic. The conjecture would imply that Theorem 2 is a consequence of Theorem 1.
We also get a similar result for Lagrangian tori inside polydiscs.
Theorem 3. For x ≥ 1 and a ≤ b there exists a Hamiltonian diffeomorphism of C 2 that takes L(1, x) into P (a, b) if and only if either a > 2 or both a > 1 and b > x.
In particular we see that embeddings of Lagrangian tori into balls or polydisks do not necessarily extend to the corresponding polydisks, where there is a volume obstruction. Even more, there are symplectic obstructions to embedding a polydisk into a ball which do not obstruct squeezing its Lagrangian "singular boundary" (see [13] , [5] and compare to Theorem 1) . Notice that in [10] , the obstruction for embedding a bidisk P (1, 2) into a ball was precisely investigated via studying the singular boundary L(1, 2). The present paper shows in particular that this approach is not relevant for studying squeezing of bidisks P (1, x) for x > 2. Nevertheless our approach can be applied to solve the stabilized polydisk embedding problem P (1, x) × C n → B(R) × C n , see [7] .
Outline of the paper. Theorems 1 and 3 have two facets. On the one hand, they assert some obstructions for squeezing a Lagrangian torus into a small ball or polydisc. On the other hand, they claim the existence of some embeddings, that we need to construct explicitly. For the obstruction part, our approach goes by studying the behaviour of some curves introduced in [8] under a convenient neck-stretching process. We describe the general strategy and set notation in section 2. We then gather in section 3 several lemma on properties of the curves in the holomorphic buildings appearing after our neck-stretching, in particular about their indices. In section 4, we prove Theorem 2 and the obstruction part of Theorem 1. Embeddings into balls are actually technically more difficult to study than into polydiscs. In section 5, we outline the adjustments needed to deal with embeddings into polydisks. Finally, we deal with the constructive part of Theorems 1 and 3 at the same time, by proving the following: Theorem 4. If x > 1, for any λ > 1, there exists a Hamiltonian diffeomorphism of C 2 that takes the product torus L(1, x) into B(3λ) ∩ P (2λ, 2λ). This is described in section 6. Our approach is to explicitly write down the image of the Lagrangian torus, which can readily be seen to have Maslov and area classes corrsponding to those of L(1, x). We will then rely on [6] to show that what we have described is in fact the image of a product torus, rather than a possible exotic nonmonotone torus in C 2 (which conjecturally do not exist).
Geometric framework
The proof of Theorem 1 is based on neck-stretching arguments in the following setting. Let L ⊂ B 4 (R) be an embedded Lagrangian torus in the ball of capacity R. We can compactify B(R) to a projective plane CP 2 (R) with lines of area R and will denote by S ∞ the line at infinity. The cotangent bundle of T 2 can be symplectically identified with R 4 /Z 2 where Z 2 acts by translations in the (x 1 , x 2 )-plane. We fix a very large integer d and an irrational number S > 3d − 1. Then, for ε small enough, the neighbourhood
of the zero section symplectically embeds into B(R) as a Weinstein neighbourhood of L, denoted by V . Now V ε,S contains a symplectic bidisk P (ε, εS), which by inclusion contains an ellipsoid εE(1, S). By definition εE(1, S) = E(ε, εS) and the ellipsoids are defined by
Putting everything together, we therefore have inclusions
We will consider some holomorphic curves in CP 2 (R) that we wish to stretch along the boundary of V . But since this boundary has corners, we first replace V ε,S by a smooth approximation. Following [12] , we define
ε,S is a smoothly bounded fiberwise convex subset of T * L that contains V ε,S , and is close to V ε,S in the Hausdorff topology when p is large. For large enough p, we therefore have:
where U is a symplectic embedding of U p ε,S . We then have a symplectic cobordism X = CP 2 (R) \ E(1, S) which supports tame almost-complex structures with cylindrical ends compatible with the Liouville contact structure on ∂( E(1, S)). We study finite energy J-holomorphic curves in X. These will be J-holomorphic maps u : CP 1 \ Γ → X where Γ is a finite set of punctures and u is asymptotic to closed Reeb orbits on ∂( E(1, S)) at each puncture. We define the degree of these maps to be simply their intersection number with the line at infinity S ∞ = CP 2 (R)\B(R), and their asymptotics are iterates of the two closed Reeb orbits on ∂( E(1, S)), namely (the images of)
and
Some special finite-energy curves in X. Our starting point is an existence theorem for some curves of degree d in this cobordism:
Theorem 2.1 (Hind-Kerman [8, 9] ). There exists an infinite subset A ⊂ N such that, for any d ∈ A, S > 3d − 1 irrational and εE(1, S) ⊂ CP 2 (R) and for any generic J, there exists a rigid finite energy plane u : C → X of degree d asymptotic to the Reeb orbit γ
This theorem was claimed for any d in [8, Theorem 2.36] . Unfortunately there was a mistake in the proof, which is corrected in [9] at the expense of establishing the result only for d belonging to a sequence of natural numbers that diverge to +∞. In [15] , McDuff proves the statement claimed in [8] , that the previous result holds with A = N. The version considered here is however enough for the purpose of the current paper.
Neck-stretching. Let now J n be a sequence of almost complex structures on X that are cylindrical near ∂εE(1, S) and that stretch the neck along ∂U . Let u n : C → X be J n -holomorphic finite energy planes provided by Theorem 2.1. They have degree d, and are asymptotic at their puncture to γ 3d−1 1
. By [2] , this set of curves enjoys a compactness property. In a now well-known sense, our sequence of curves converges (modulo extraction) as n → ∞ to a holomorphic building B made of finite energy holomorphic curves in S∂εE(1, S) , U \εE(1, S), S∂U and CP 2 \U . (Here S∂εE(1, S) and S∂U denote the symplectization of ∂εE(1, S) and ∂U respectively, with cylindrical almost-complex structures.) These curves have positive and negative ends that are asymptotic to Reeb orbits of ∂U or ∂εE(1, S). All these ends but one match together pairwise. The unmatched end is asymptotic to γ 3d−1 1 on ∂εE(1, S). Moreover, gluing the different components along their matching ends provide a topological surface which is a bunch of spheres (that may appear because of bubbling phenomenon) and one plane that contains the unmatched end. We need to gather information on the limit building. To make our analysis manageable we will identify various sets of limit curves with matching ends and consider them as single components of the limit. Once the ends are identified, we can still talk about the index of such a glued component (see section 3.1). The identifications are made as follows.
(I) The limiting building has a unique curve u 0 in its lowest level with negative end asymptotic to γ 3d−1 1
. All curves which can be connected to u 0 through a chain of curves with matching ends lying in U \ E(1, S) or the symplectization layers are identified along their matching ends to form our first component F 0 .
(II) Suppose F 0 has T unmatched ends. Then the complement of F 0 in our limiting building, after identifying matching ends, has exactly T components which we denote F 1 , . . . , F T .
Preliminaries

Reeb orbits and index formulas.
The Reeb flow on ∂U is conjugated to that of ∂U p ε,S , which can be easily computed. It preserves the tori {(y 1 , y 2 ) = c}, and is a linear flow on each such torus, whose slope depends on c. When this slope is rational, the torus is foliated by a 1-dimensional family of periodic orbits. Proposition 3.1. Fix an integral basis of H 1 (L, Z). For each pair of integers (k, l) except (0, 0) there is a 1-parameter family of closed Reeb orbits on ∂U which project to a curve in L in the class (k, l). We say these Reeb orbits are of type (k, l) and denote them by γ k,l . The orbits are embedded if and only if k, l have no common factor. Orbits γ rk,rl are r-times covers of the orbits γ k,l .
We now recall the index formulas for the different curves that may appear after the neck stretching process. Before specializing to our situation, let us consider the general setting of holomorphic curves in symplectic cobordisms, and their index [1, 18] . LetΣ be a punctured surface of genus g with s punctures, and W a symplectic cobordism. Recall that this means that W is a symplectic manifold with boundaries ∂W + ∂W − , which are equipped with locally defined outward (inward respectively) pointing Liouville vector fields. The Liouville vector fields define contact forms on the boundary components of W , and we assume that their Reeb vector fields are MorseBott : the closed Reeb orbits on ∂W may come in smooth families, along which the transverse Poincaré return maps are non-degenerate. Let also J be an almost complex structure adapted to our cobordism (compatible with the symplectic structure and cylindrical near the ends). Given a finite energy J-holomorphic curve u :Σ → W , we denote by γ We also fix a symplectic trivialization τ of u * T W along these asymptotics. This is possible because the Liouville form induces an orientation of ∂W . Then, c τ 1 (u * T W ) denotes the algebraic number of zeros of a generic section of the vector bundle Λ 2 u * T W which is constant with respect to τ on the boundary. The formula for the expected dimension of the moduli space of holomorphic curves (moduli reparameterizations) in the same homology class and having the same asymptotics as u, called below the index of u, is given by
In this formula, µ CZ (γ) represents the classical Conley-Zehnder index of γ when it is non-degenerate (and in this case dim S(γ) vanishes), or the generalized Maslov (Robin-Salamon index) of γ in the general case [17, 11] . Note that this dimension formula takes care of the Teichmuller space ofΣ, or its automorphisms group. As we explained above, we will need for practical computations to (abstractly) glue several curves of the building, and consider the resulting subbuilding as a single entity. We then consider the punctures of this subbuilding to be those of its constituent curves that do not serve as matching ends. We can then define a notion of index for such a building: Definition 3.2. Let B be a building made of curves (u 1 , . . . , u k ) (in various layers) that match along asymptotic orbits (γ 1 , . . . , γ l ) belonging to spaces S 1 , . . . , S l of closed Reeb orbits (we assume the Morse-Bott situation, where these spaces are manifolds). We define
Working with this definition, the following proposition sums up those properties of the index that will be important for us. Proposition 3.3. The index formula of the buildings has the following properties:
1. Recursivity: Let B be a building obtained by gluing different buildings B i along matching orbits γ i that belong to spaces S i of Reeb orbits. Then,
2. Computability: Let B be a holomorphic building and let the underlying curve (after gluing) be Σ, the positive punctures be γ + i and negative punctures be γ − i (recall that those punctures of the constituent curves that have to matched to form B are not considered as punctures of B). Then,
Here c τ 1 (B) simply means the sum of the c τ 1 (u * T X) over the constituent curves of B.
3. Continuity: Let X be a symplectic cobordism, (J n ) a neck-stretching in X (along some hypersurface), and (B n ) a sequence of J n -holomorphic buildings that converge in the sense of [2] to a building B. Then
Let us now specialize formula (1) to our context:
LetΣ be a punctured sphere, and u :Σ → W be a J-holomorphic map asymptotic to γ
We denote the Reeb orbits on ∂U with respect to an integral basis of L consisting of classes with Maslov index 2. 
Proof: In dimension 4, for a punctured sphere, the formula (1) gives
In U , there is a global Lagrangian distribution L given by the vertical distribution of the cotangent bundle. This Lagrangian distribution can be extended to a symplectic trivialization τ of u * T U , and for this choice, c τ 1 (u) = 0. In ∂U , each closed orbit comes in a 1-parameter family and its generalized Maslov index is 1 2 . Finally, U is a symplectic cobordism with one positive end ∂U , so s = s + . Thus, for u :Σ → U ,
The same choice of τ can be made in S∂U , and the previous remarks still hold in this setting, except that there are now positive and negative ends. Thus, for u :Σ → S∂U , we have
The maximum principle in S∂U shows that s + ≥ 1, so index (u) ≥ s − . On the other hand, since no curve γ k,l is contractible in U (hence nor in S∂U ), u has at least 2 ends, so s + + s − ≥ 2, so index (u) ≥ s + . In W = U \εE, we still have the same Lagrangian distribution that we extend to a symplectic trivialization τ of u * T W . Notice that since E is contractible, we can deform this symplectic trivialization above E (and hence its boundary ∂E) so that it coincides with the trivialization coming from E ⊂ R 2n , with the standard trivialization. Relative to this choice, the Conley-Zehnder indices of the closed orbits of ∂E are well-known, and we get for u :Σ → U \εE:
Similarly in S∂E,
By positivity of the area, we also have r
and one of the inequalities must be strict. Hence we have index (u) ≥ 0 for any curve u :Σ → S∂E. Finally, in CP 2 \U , we consider the symplectic trivialization over ∂U that comes from the inclusion of ∂U in the affine chart CP 2 \S ∞ . Then c τ 1 (u) = 6d − 6, u has only negative ends, and if the i-th of it is asymptotic to a Reeb orbit of type (−k i , −l i ) we find index (u) = s − 2 + 6d + 2 (k i + l i ) .
Nonnegative index and multiple covers.
We recall from section 2 that the F i are subbuildings of the building B obtained by our neck-stretching process, and that their indices are given by the sum of their constituent curves in the different layers, minus the sum of the dimensions of the space of closed Reeb orbits along which these different curves match. Moreover, F 0 plays a special role : it is the connected subbuilding in U \εE(1, S) S∂E S∂U that is asymptotic to γ 3d−1 1 at its unmatched negative end. It has T positive ends, at which the
Proof. These components only have one unmatched negatove end in ∂U (corresponding to an end of F 0 ) and hence by propositions 3.3 and 3.4.c), they have odd index. Therefore it suffices to show that index( 
and it suffices to prove that index (F + ij ) ≥ 0 ∀i, j to conclude our proof. Let therefore u be a constituent curve of F i in CP 2 \U , and suppose it has degree d and s ends asymptotic to Reeb orbits of type (−k i , −l i ) as in Proposition 3.4. If u is somewhere injective then for generic J we may assume it has nonnegative index. Otherwise it is a multiple cover of an underlying curvẽ u. We may assume thatũ is somewhere injective and so index(ũ) ≥ 0 for generic almost-complex structures. Suppose this cover is of degree r, soũ has degreed = d/r, and further thatũ hass negative ends asymptotic to orbits of type (−k j , −l j ). The Riemann-Hurwitz formula shows that the domain ofũ is a punctured sphere, so Proposition 3.4 gives index(ũ) =s − 2 + 6d + 2s
Hence we have
Let now ϕ : S 2 \Γ → S 2 \Γ be the holomorphic (ramified) covering such that u =ũ • ϕ. Removing singularities, ϕ extends to a holomorphic map Φ : S 2 → S 2 that sends Γ toΓ. Then, rs−s represents the total ramification of ϕ over the points of Γ, so Riemann-Hurwitz formula gives
By (2), we see that index(u) ≥ 0 as required.
By proposition 3.4, since F 0 has T positive ends and a single negative end asymptotic to γ 3d−1 1
we have index(F 0 ) = 2T − 6d.
Proof. We argue by contradiction and assume that T < 3d, that is F 0 has less than 3d positive ends. Let us consider the curves of F 0 in S∂E which fit together to form a connected component G 0 of F 0 including the lowest level curve with negative end asymptotic to γ 3d−1 1
. Then let u i : S 2 \Γ i → U \εE(1, S) be the curve of F 0 with a negative end matching the ith positive end of G 0 .
Note that by the maximum principle, each positive end of the u i is connected through components in S∂U to positive unmatched ends of F 0 . And since our building is obtained by degenerating curves of genus 0, these different positive ends of the u i are connected to distinct positive unmatched ends of F 0 . Denoting by Q i the number of positive ends of u i , we therefore get that Q i ≤ T ≤ 3d − 1. This, in turn, guarantees that no negative end of the u i is asymptotic to a cover of γ 2 . Indeed, a curve in U \εE(1, S) is (possibly a multiple cover of) a somewhere injective curveũ is U \εE with s + ends with index
Since s + ≤ 3d − 1 and S > 3d − 1, we see that the t j must vanish, soũ and therefore u itself has no negative end asymptotic to a cover of γ 2 . Altogether, the curves u i therefore verify the following. They have Q i positive ends with Q i = Q ≤ 3d − 1, and they have a negative end asymptotic to a γ q i 1 which is matched with a positive end of G 0 . For area reasons, we then see that q i ≥ 3d − 1. In total, we therefore have
so there exists an i such that Q i ≤ q i . We henceforth denote this curve by u, and let q and Q the corresponding numbers; hence q ≥ Q. The index of this curve is
Thus u must be an r-covering of a somewhere injective curveũ : S 2 \Γ → U \εE(1, S) with sayQ ≤ Q < 3d positive ends,s − negative ends, the i-th of which is asymptotic to γ r i 1 (none of them is asymptotic to a cover of γ 2 ), and non-negative index given by
HenceQ ≥ 1 + r i . Suppose that the end of u asymptotic to γ q 1 covers t times an end ofũ asymptotic to γq 1 , so tq = q. Consider also the ramified covering ϕ : S 2 \Γ → S 2 \Γ defined by u =ũ • ϕ, and remove its singularities to get a map ϕ : S 2 → S 2 . We recall that Γ splits as Γ + ∪ Γ − , where Γ + are the positive ends of u and Γ − the negative ones. One of the negative ends, say c 0 , has order t. The Riemann-Hurwitz formula, together with the facts thatQ ≥ 1 + r i , t ≤ r, and q ≥ Q, then give:
which is a contradiction.
Holomorphic planes in
We recall the inclusions L ⊂ U ⊂ B 4 (R), with U symplectomorphic to U p ε,S . We consider here the situation where L is the image by a Hamiltonian diffeomorphism of C 2 of the product torus L(1, x) with x ≥ 1. We moreover assume in this paragraph that x ∈ Q. The aim of this section is the following result:
Lemma 3.7. Under the above hypothesis, for a generic almost complex structure and s ≥ 1, there is no genus 0 finite energy curve in C 2 \U with s negative ends, deformation index at least s and area strictly less than 1.
Remark 3.8. To avoid complicating our formulas with terms of order , we will define the area of a finite energy curve in C 2 \U to be the area of the closed surface formed by topologically gluing a half-cylinder in U to each end of u. The open end of the cylinder is asymptotic to a limiting Reeb orbit matching the corresponding end of u and the boundary of the cylinder is a curve on L. Note that this cylinder is symplectic, so starting with a curve in C 2 \U of positive genuine area, the area we define here still remains positive, and this is all we will care about in the sequel.
Before proving Lemma 3.7 we derive the property for the standard Lagrangian torus L(1, x) ⊂ C 2 and some cylindrical almost complex structure.
Lemma 3.9. Let U be a neighbourhood of L(1, x) ⊂ C 2 (with x ≥ 1), symplectomorphic as before to U p ε,S . Let J be an almost complex structure on C 2 \U cylindrical near ∂U and such that J coincides with the standard complex structure i near the line {z 2 = 0}. Then, there is no genus 0 finite energy curve in C 2 \U with s negative ends, deformation index at least s and area strictly less than 1.
Proof: Let u : CP 1 \{z 1 , . . . , z s } → C 2 \U be a genus 0 J-holomorphic curve with finite energy and index at least s. Its ends are asymptotic to orbits of type (−k j , −l j ) as in section 3 where we now use the standard basis of H 1 (L(1, x) , Z). Then,
On the other hand,
Now the sum of the l j 's represents the intersection number between u and {z 2 = 0} (parameterized in the obvious way by the z 1 -coordinate). Since J = J st near this line, and u is holomorphic, each intersection point between these two curves count positively, so l j ≥ 0. Since x ≥ 1, we indeed get Area (u) ≥ 1.
Proof of lemma 3.7: Arguing by contradiction, since there exists a Hamiltonian diffeomorphism f mapping L(1, x) to L, if such an almost-complex structure and finite energy curve exists then we can pull-back using f to find holomorphic curves of area less than 1 asymptotic to a neighborhood U of the product torus. Hence it suffices to work with L = L(1, x). By Lemma 3.9 we can find at least one almost-complex structure J 1 for which no such curves exist. Moreover, since the only constraints on J 1 appear near {z 2 = 0} we may assume any genericity properties of J 1 with respect to curves asymptotic to ∂U .
We need two facts about moduli spaces of finite energy curves in C 2 \U . We denote by J the collection of compatible almost-complex structures on C 2 \U . Theorem 3.10 (Ivrii, [14] , section 2.4, Wendl, [19] .). Given J ∈ J , immersed J-holomorphic finite energy curves with index at least the number of negative ends are regular. That is, the normal Cauchy-Riemann operator is surjective and our curves appear in a family of the expected dimension. Such curves are also regular in their moduli space of curves with fixed asymptotic limits (rather than allowing the limits to move in the family of Reeb orbits). [16] ). There exists a subset of J I ⊂ J of the second category such that if J ∈ J I , in any moduli space of somewhere injective J-holomorphic curves the collection of singular (that is, non-immersed) curves form a stratified subset of codimension 2.
The papers [20] and [16] are concerned with compact holomorphic curves, but [20] generalizes directly. A proof that moduli spaces of dimension 0 or 1 generically contain only immersed curves also appears in [19] , and this case will be our main focus.
Let J R ⊂ J be the collection of almost-complex structures on C 2 \U which are regular for all of the (countably many) moduli spaces of finite energy curves. We will work with J 0 = J R ∩ J I ⊂ J , which is again a set of the second category.
Given this, we define A to be the infimum of the areas of J-holomorphic curves having index at least the number of negative ends and J ∈ J 0 . By contradiction we are assuming A < 1. But since x ∈ Q there are only finitely many possible areas less than 1 which can be realized by holomorphic curves and so A > 0 is realized by, say, a J 0 -holomorphic curve u. Amongst all choices for u we choose a curve with the minimal number of negative ends s. We may further assume that u is somewhere injective from the following lemma.
Lemma 3.12. Let v be a finite energy curve in C 2 \U with t negative ends and index v ≥ t. Suppose that v is a multiple cover of a curveṽ witht negative ends. Then index (ṽ) ≥t.
Proof. Suppose the ends ofṽ are asymptotic to orbits of type (−m i , −k i ) and the cover is of degree r. Then we have
As index (ṽ) −t is even this gives our inequality as required. Now, by the definition of J 0 the J 0 -holomorphic curve u is regular, and by Theorem 3.10 we may further assume it is immersed. Denote its asymptotic limits by σ 1 , . . . , σ s . In the case when index (u) > s we also fix N = 1 2 (index (u) − s) points p 1 , . . . , p N in the range of the injective points of u (recall from Proposition 3.4.c) that N must be an integer).
Let J t , 0 ≤ t ≤ 1 be a family of almost-complex structures interpolating between J 0 and J 1 and define the universal moduli space
where we quotient by reparameterizations of the domain. We note that M has virtual dimension 1. Indeed, fixing the asymptotic limits reduces the virtual dimension by s, and the fixed points further reduce the dimension by 2N . Similarly to the above we assume that {J t } is regular for M (so M has dimension 1) and further is regular for all unconstrained moduli spaces of somewhere injective finite energy curves. We also assume {J t } is generic in the sense of Theorem 3.10 for singular curves, so they all appear in our moduli spaces only in codimension 2 (and hence not at all in M).
Given all of this, since curves in M are immersed they are also regular by Theorem 3.11 (which also holds when the index is a constrained index for curves passing through fixed points). Therefore the map M → [0, 1] is a submersion. By Lemma 3.9 the fiber over 1 is empty and so we will arrive at a contradiction if we can show M to be compact.
To this end, let (t n , u n ) ∈ M and suppose that t n → t ∞ . We claim that a subsequence of the u n converges to a J t∞ -holomorphic finite energy plane u ∞ such that (t ∞ , u ∞ ) ∈ M. By [2] , some subsequence of u n converges in a suitable sense to a J t∞ -holomorphic building. This building consists of top level curves in C 2 \U and lower level curves in S∂U . For simplicity we will gather lower level curves with matching asymptotics and consider them as a single curve. We can also assume by adding trivial lower cylinders that there are no unmatched negative ends of the top level curves. Hence, there are s unmatched negative ends to the lower level curves which are asymptotic to σ 1 , . . . , σ s . Let L top be the number of top level curves and L low the number of low level components (after our identifications). We call I i , s i , i = 1, . . . , L top the (unconstrained) index and number of negative ends of the i-th top level curve, and (J i , r i , t i ), i = 1, . . . , L low the index, number of positive and number of negative ends of the i-th low-level component. Then by proposition 3.4.b),
Since all ends of the upper level curves match,
and since the total number of unmatched ends is s,
We can associate a graph to a holomorphic building by adding a vertex for each curve and asymptotic limit (just one vertex when an asymptotic limit is a matching asymptotic between two curves), and an edge between the vertex for each curve and its asymptotics. As we take limits of curves of genus 0, this graph is a tree, hence has Euler characteristic 1, so we have
Finally, the index of the limiting building, namely the sum of the indices of the constitutent curves minus matching conditions, equals the index of the original curve, which by assumption is at least s. Thus, taking all previous equalities into account,
By proposition 3.4.c) the differences I i − s i are even, so at least one of them is non-negative, and the corresponding top level curve v therefore has index at least the number of its negative ends. As it appears as part of the limit, the area of v is at most the common area A of the curves u n . By Lemma 3.12 we may assume v is somewhere injective and our assumptions on {J t } imply the curve v appears in a universal moduli space containing some immersed curves. By Theorem 3.11 such an immersed curve is regular and so persists if we deform to an almost-complex structure J ∈ J 0 , and by minimality of A among the areas of such curves, the area of v is at least A and hence A exactly. Thus there is exactly one top level curve (as v occupies all of the area) which must therefore intersect the points p i . By minimality of s we see that v has at least s negative ends, but as the limit is of curves of genus 0 and there are no holomorphic planes in U (there are no contractible Reeb orbits) the curve v must have exactly s negative ends. It follows that the lower level curves are cylinders which for action reasons must be trivial cylinders asymptotic to the σ 1 , . . . , σ s . We conclude that v has the correct asymptotics and (t ∞ , v) ∈ M as required.
Proof of the obstruction part of theorem 1
We now gather together the information from the previous section to prove the obstructions claimed in theorem 1.
Some restrictions on the F i : By Lemmas 3.5 and 3.6, the component F 0 has index(F 0 ) ≥ 0 and the F i for 1 ≤ i ≤ T have index(F i ) ≥ 1. As there are T remaining ends to match and the sum of the indices minus matching is 0, we conclude that index(F 0 ) = 0 (and hence T = 3d) and index(F i ) = 1 for i ≥ 1.
By proposition 3.4, the index equality for the F i with i ≥ 1 says
where F i has total degree d i and is asymptotic to orbits of type (−m i , −k i ).
Meanwhile the action in B(R) of orbits of type (−m i , −k i ) is m i + k i x (recalling Remark 3.8). Therefore by Stokes' Theorem we have
In view of (3) we get
The case x ≥ 2 (proof of theorem 2): We argue by contradiction, and assume that R < 3 and x ≥ 2. As area( The case x < 2: We again argue by contradiction, and assume now that R < 1 + x. Note that by Weinstein's neighbourhood theorem, it is enough to prove our result for x ∈ Q. Note also that if all k i vanish, the same proof as the above shows that R ≥ 3, which is already a contradiction. Hence, there must be planes asymptotic to orbits of type (m, k) with k = 0, and in particular there must be such a plane F asymptotic to an orbit γ m,k with k < 0. Let d be the degree of F . Then,
Area (F ) = Rd + (m + kx).
From the first equation we get m = 1−3d−k, and substituting in the second one gives
Since k ≤ −1, x < 2 and R < 1 + x, we get
and so d = 0. Thus F is a plane with one negative end, has index 1, lies in B 4 (R)\U ⊂ C 2 \U , and verifies m = 1 − k, so Area (F ) = 1 + k(x − 1) < 1. This is in contradiction with Lemma 3.7 (recall that x ∈ Q).
5 Proof of the obstruction part of theorem 3.
We briefly outline the adjustments required the establish the obstruction part of Theorem 3. Note that there does not exist an embedding L(1, x) → P (a, b) when a < 1 since by [3] , Proposition 2.1, the Lagrangian torus L(1, x) has displacement energy 1. We still argue by contradiction, assuming that a < 2 and b < x. The proof of Theorem 3 proceeds similarly to that of Theorem 1 except now we compactify P (a, b) to a copy of S 2 × S 2 with factors having areas a and b. The analogue of Proposition 3.4 is that the deformation index of a finite energy curve u of bidegree (d 1 , d 2 ) asymptotic to Reeb orbits of type (−m i , −k i ) is given by
As before, we consider the situation
where U is our Weinstein neighbourhood of L. We now use the existence of J-holomorphic planes u :
, which exist for d arbitrarily large by [8] , and we stretch the neck of ∂U . As previously, we split the limit building B into subbuildings F 0 , F 1 , . . . , F T , where F 0 is the maximal connected subbuilding of B in S∂εE, U \εE and S∂U attached to the negative unmatched end, while F 1 , . . . F t are the connected subbuildings attached to the T positive ends of F 0 . Arguing as for balls, we get the following:
The proof is exactly the same as lemma 3.5, replacing the formula for the index ofũ by the correct formula in S 2 × S 2 \U . 
index (F
. When x > 2, taking into account our assumptions a < 2, b < x, we see that the component with
Thus k i ≥ 0 for all i, and since k i = 0, we get all k i = 0, so all Reeb asymptotics are of the form γ (m,0) . Exactly the same argument as in section 4 then shows that 2d+1 of the F i have bidegree (0, 0) and are asymptotic to γ (−1,0) while one has bidegree (d, 1) and asymptotic γ (2d+1,0) . The area of this subbuilding is
Since this inequality has to hold for arbitrarily large d, it contradicts our assumption a < 2.
When x ≤ 2 we see as above that if all k i vanish, we get a contradiction with a < 2. Thus at least one of the F i must be asymptotic to γ (−m,−k) , k < 0. Its area is
Now 1+k(x−1) < 1, so lemma 3.7 rules out the possibility that
(and since a < 2 by assumption), we get
which contradicts the fact that a < 2 and b < x.
6 Squeezing Lagrangian tori: proof of theorem 4
The construction is slightly delicate, so we proceed in several steps. We first construct a Lagrangian torus close to P (2, 2) or to B(3), with several properties that we use in a second time to show that this Lagrangian torus is in fact Hamiltonian isotopic to a product torus.
Proposition 6.1. Let x > 2 and U be an arbitrary neighbourhood of B(3) ∩ P (2, 2). There exists a Lagrangian torus L ⊂ U which has an integral basis (e 1 , e 2 ) of its 1-dimensional homology with µ(e 1 ) = µ(e 2 ) = 2, Ω(e 1 ) = x, Ω(e 2 ) = 1. This Lagrangian torus bounds a solid torus Σ ⊂ C 2 with symplectic meridian discs having boundary in the class e 2 and whose characteristic foliation is by closed leaves. One can further impose that there exists a, b ∈ C such that: a) Σ ⊂ C 2 \{z = a} ∪ {w = b} (hence the same holds for L), b) lk (e 2 , {z = a}) = lk (e 2 , {w = b}) = 0, c) lk (e 1 , {z = a}) = 1, lk (e 1 , {w = b}) = −1.
Proof: Let A ≥ 1 be a real number to be chosen more specifically later. Let γ be the immersed closed loop in the z = (x 1 , y 1 )-plane represented in Figure 1 . It is contained in the square S := {0 < x 1 < A , 0 < y 1 < A} and approximates an n-times cover of ∂S. Label the uppermost horizontal segment close to {y 1 = 0} by H and the rightmost vertical segment close to {x 1 = A} by V (see figure 1) . For technical reasons, we chose 0 < ε 1 and assume that H ⊂ {y 1 < ε} and V ⊂ {x 1 ≥ A − ε /2}, while γ lies in the ε-strip around ∂S. Removing H from γ provides an embedded curve spiraling inwards and winding n times around ∂S. Replacing H results in (n − 1) self-intersections, all near H ∩ V .
Let T := ∂D be the unit circle in C w , w = x 2 + iy 2 . The product of γ by T is an immersed Lagrangian torus in C 2 . Denoting byẽ 1 = [γ × { * }] ∈ H 1 (γ × T ) and e 2 = [{ * } × T ], we have µ(ẽ 1 ) = 2n, µ(e 2 ) = 2, Ω(ẽ 1 ) ≈ nA 2 and Ω(e 2 ) = 1. Figure 1 : The curve γ, and the function K.
where δ is a term that can be chosen arbitrarily small. Given x, one may find A arbitrarily close to 1, δ 1 and n large enough, so that A(e 1 ) = x, which we assume henceforth. Thus, L is an embedded Lagrangian torus, with a Maslov two basis of areas x and 1, which lies in D(A(A + 1)) × D(2), which is an arbitrary neighbourhood of P (2, 2) provided A is close to 1.
Step 2: We now show that L can in fact be taken into an arbitrary neighbourhood of B ( 
The projection of L onto the z-plane, and its image by ψ.
We claim that ψ × Id (L) lies close to B(3) provided A is close to 1. Indeed,
verifies |z | ∈ D(A 2 + ε) and |w | ∈ D(2), so (z , w ) ∈ B(A 2 + 2 + ε).
•
. Notice now that since A is close to 1, χ(ρ) can be chosen at C 0 -distance ε from the identity, and this shows that ψ(z, w) lies arbitrarily close to B(3).
Step 3: We now slightly alter the previous construction to achieve the linking condition. Note first that taking a in {Re z < ε} in such a way that γ winds around a exactly once achieves the correct linking between L and {z = a}. The problem is therefore with the line of the type {w = b}.
First, fix b ∈ C in the complement of
, where T = ∂D. There exists a Hamiltonian diffeomorphism Ψ with support in D(2 + ε), disjoint from D ∪Φ 1 G (D) and such that ∀p ∈ T , the path Φ t G (p) for 0 ≤ t ≤ 1 and Ψ • Φ 2−t G (p) for 1 ≤ t ≤ 2 winds around b with winding −1. Such a diffeomorphism is not easy to describe verbatim, but easy to draw (see figure  3) .
We now define
where K(z, w) = f (z)G(w) as before and by abuse of notation we are writing Ψ(z, w) = (z, Ψ(w)). Let us explain why L Ψ satisfies all our requirements. Note first that L Ψ is obtained by L from cutting the tube T := Φ 1 K (V × T ) and pasting
is disjoint from the support of Ψ we have that T Ψ differs from T by a Hamiltonian generated by a function with compact support. Moreover, since the corresponding Hamiltonian flow is parallel to the w-plane, the flow of T remains disjoint from the remainder of L and so the generating function can be extended to be identically 0 near the remainder of L. We conclude that L Ψ differs from L by a Hamiltonian diffeomorphism and in particular L Ψ has the same Maslov and area classes as L. We now claim that L Ψ has the correct linking with the lines {z = a} and {w = b}. It is clear for the former, while the latter needs a justification. First, since e 2 is represented by { * } × T for suitable { * }, and since b / ∈ D, lk (e 2 , {w = b}) = 0. Fix now w 0 ∈ T . A representative of the class e 1 = e 1 + (n − 1)e 2 is simply
Parametrize H by ρ → ρ + ic, for ρ ∈ [ρ 0 , ρ 1 ], ρ 0 < ε and ρ 1 > A and c < ε.
Similarly V can be parameterized by ρ → b + iρ and
By choice of Ψ, we therefore see that lk (ẽ 1 , {w = b}) = −1, and since e 1 =ẽ 1 − (n − 1)e 2 , that lk (e 1 , {w = b}) = −1. In view of the particular form of Ψ, whose support can clearly be given any arbitrarily small area, the arguments that showed that L can be taken into an arbitrary neighbourhood of B(3) go through. Finally, L Ψ bounds the solid torus
The characteristic foliation of γ × D is by curves γ × { * }, and Σ Ψ is obtained from γ × D by explicit Hamiltonian diffeomorphisms on various pieces, and therefore the characteristic leaves remain closed as required.
Let us now prove that the Lagrangian tori that we have just produced are Hamiltonian isotopic to a product torus. Proposition 6.3. A Lagrangian torus that satisfies the requirements of proposition 6.1 is Hamiltonian isotopic to the product torus L(1, x) in C 2 .
Proof: Let L, Σ, a, b be as in Proposition 6.1, but observe that without loss of generality a = b = 0. We denote X := C 2 \{z = 0} ∪ {w = 0}. We wish to prove that L is Hamiltonian isotopic to L(x, 1) = S 1 (x) × S 1 (1) in C 2 . We proceed in two steps.
Step 1 (Lagrangian isotopy): We first reposition the product torus L(x, 1) in X and then find a Lagrangian isotopy inside X between L and the repositioned torus.
Consider the linear symplectomorphism
where λ is a constant satisfying 1 x < λ < 1. We observe that A(L(x, 1)) ⊂ X and denote the image by L 0 . We denote the image of the standard basis of
and Ω(f 1 ) = x, Ω(f 2 ) = 1. Also lk (f 1 , {z = 0}) = 1, lk (f 1 , {w = 0}) = −1 and lk (f 2 , {z = 0}) = 0, lk (f 2 , {w = 0}) = 0. Moreover the solid torus Σ 0 = A({π|z| 2 = x, π|w| 2 ≤ 1}) also lies in X and has trivial characteristic foliation.
The existence of a Lagrangian isotopy between L and L 0 given the existence of Σ and Σ 0 has already been established in [6, Theorem 6.1], (see also [14, Proposition 3.4.6] ). For the sake of clarity and completeness, we briefly recall an outline of the argument here.
Let us fix characteristic leaves (called core circles) Γ ⊂ Σ and Γ 0 := A(S 1 (x) × {0}) ⊂ Σ 0 , and a meridian disk D in Σ. The return map of the characteristic foliation on D in Σ being the identity, any isotopy of circles in D starting from ∂D defines a Lagrangian isotopy of L, by considering the suspension of these loops by the characteristic foliation in Σ. Hence an isotopy of loops that shrinks ∂D to a small loop around D ∩ Γ gives a Lagrangian isotopy from L to a small neighborhood of Γ in Σ.
Next, since the linking numbers about the axes are the same, Γ and Γ 0 are smoothly isotopic in X, and the smooth isotopy extends to a symplectic isotopy ψ t (not Hamiltonian), defined in a neighbourhood of Γ, that brings Γ to Γ 0 . Since these two curves are characteristic leaves, the image Σ = ψ 1 (Σ) is an embedding of S 1 × D(ε) which is tangent to Σ 0 along Γ 0 .
There may not necessarily be a symplectic isotopy mapping Σ into Σ 0 , indeed the obstruction is the relative winding number of the characteristic foliations in Σ and Σ 0 with respect to a trivialization of the symplectic normal bundle to Γ 0 = ψ 1 (Γ). However this relative winding can be corrected by a small perturbation of Σ 0 as follows.
We identify a neighborhood of Γ 0 in X with a neighborhood of S 1 ×{0}× {0} in S 1 ×R×C with the product symplectic form from S 1 ×R = T * S 1 and C. We can make this identification such that Σ 0 is S 1 × {0} × C. Given this choose a smooth function χ : R + → R + with small support, small C 0 -norm, linear with slope N near 0, and define Σ 0 := {(θ, χ(|w| 2 ), w) ∈ S 1 × R × C, |w| < 1}.
The characteristic foliation of Σ 0 is given by the curves θ → (θ, χ(|w| 2 ), we iχ (|w| 2 )θ ). Thus close to Γ 0 the characteristic foliation of Σ 0 can be arranged to have a winding N equal to that of Σ . It follows that we can find a symplectic isotopy ζ t taking a neighborhood of Γ 0 in Σ into Σ 0 . The image L = ζ 1 (ψ 1 (L)) of L is now a circle of characteristic leaves in Σ 0 intersecting a meridinal disk D 0 in a small circle σ 0 about Γ 0 . It remains then to find a Lagrangian isotopy between L and L 0 . Now, the return map of a meridinal disk generated by characteristic leaves in Σ 0 is not the identity in the region where χ has nonintegral slope; however the characteristic foliation is tangent to the tori {|w| = c} ∩ Σ 0 in this region. Hence we construct our isotopy between L 0 and L as above by choosing an isotopy between the circles ∂D 0 and σ 0 in D 0 which coincides with the circles {|w| = c} in the region where the slope of χ varies.
Step 2 (Hamiltonian isotopy): We now use classical transformations on X to modify our Lagrangian isotopy L t to become Hamiltonian.
Let (e t 1 , e t 2 ) the continuous determination of basis of H 1 (L t , Z) that starts at (e 1 , e 2 ) ∈ H 1 (L, Z), and denote by α t , β t the corresponding symplectic actions. It is not hard to see that e 0 2 ∈ H 1 (L 0 ) is the class of a meridian circle A({z = * }) and so β 1 = β 0 = 1. Since Lagrangian isotopies preserve the Maslov class, e 0 1 ∈ H 1 (L 0 ) is a Maslov 2 class with the same linking as e 1 . There is only one such class, namely f 1 , and so α 1 = α 0 = x. Our goal is to deform the isotopy L t inside X relative to L 0,1 such that α t = x and β t = 1 for all t. The isotopy will then be Hamiltonian as required.
Recall that X = C 2 \{z = 0} ∪ {w = 0} is symplectomorphic to a subset of T * T 2 , for instance to {(θ 1 , θ 2 , p 1 , p 2 ) ∈ T 2 × (R * + ) 2 }. Start first by applying dilations d λ : (θ 1 , θ 2 , p 1 , p 2 ) → (θ 1 , θ 2 , λp 1 , λp 2 ). These dilations are conformally symplectic so they preserve the class of Lagrangian submanfiolds. They correspond to standard dilations (λz, λw) in C 2 and thus L t := d1 /β t L t is a Lagrangian isotopy from L to L 0 in X with actions α t and β t ≡ 1.
To correct the action α t we use translations τ 1 c : (θ 1 , θ 2 , p 1 , p 2 ) → (θ 1 , θ 2 , p 1 + c, p 2 ) or τ 2 c : (θ 1 , θ 2 , p 1 , p 2 ) → (θ 1 , θ 2 , p 1 , p 2 + c). These transformations are symplectic, and they preserve the set {p 1 , p 2 > 0}, and hence X, provided c > 0. In C 2 , they correspond to inflating either the line {z = 0} or {w = 0}, that is removing these lines and pasting D(c) × C in their place. Because of the linking condition, we see that the area class of τ 1 c L t is (α t + c, 1) while that of τ 2 c L t is (α t − c, 1). Thus, defining L t := τ 1
x−α t L t when α t ≤ x and L t := τ 2 α t −x L t when α t ≥ x, we get a Lagrangian isotopy from L to L 0 by Lagrangian submanifolds with fixed action in C 2 , and hence a Hamiltonian isotopy as required.
